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a b s t r a c t
It is shown that in a Banach space X with weak uniform normal structure, ev-
ery demicontinuous asymptotically regular nearly Lipschitzian self-mapping T with
lim supn→∞ η(T n) <
√
WCS(X) defined on a weakly compact convex subset C of X sat-
isfies the (ω)-fixed point property. We show that if X has a uniformly Gâteaux differ-
entiable norm, then the set of fixed points of every asymptotically pseudocontractive
nearly nonexpansive mapping T is nonempty and a sunny nonexpansive retract of C . Fur-
ther, we study the approximation of fixed points of T by Halpern type iteration process:
xn+1 = αnu + (1 − αn)T nxn for all n ∈ N, where u ∈ C and {αn} is a sequence in (0,1)
satisfying appropriate conditions. Our results improve several known existence and con-
vergence fixed point theorems in general Banach spaces for awider class of nonlinearmap-
pings which are not necessarily Lipschitzian.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Let C be a nonempty subset of a Banach space X . A nonempty closed convex subset D of C is said to satisfy property (ω)
with respect to a mapping T : C → C [1] if
ωT (x) ⊂ D for every x ∈ D, (ω)
where ωT (x) denotes the set of all weak subsequential limits of {T nx : n ∈ N}. Moreover, T is said to satisfy the (ω)-fixed
point property if T has a fixed point in every nonempty closed convex subset D of C which satisfies property (ω).
For a Lipschitzian mapping S : C → C , we use the symbol σ(S) to denote the exact Lipschitz constant of S, i.e.,
σ(S) = inf{k ∈ [0,∞] : ∥Sx− Sy∥ ≤ k∥x− y∥ for all x, y ∈ C}.
A mapping T : C → C is said to be
(1) nonexpansive if σ(T ) = 1,
(2) asymptotically nonexpansive [2] if σ(T n) ≥ 1 for all n ∈ N and limn→∞ σ(T n) = 1,
(3) uniformly L-Lipschitzian if σ(T n) = L for all n ∈ N and for some L ∈ (0,∞).
The class of asymptotically nonexpansivemappingswas introduced byGoebel andKirk [2] in 1972 and they proved that if
C is a nonempty closed convex bounded subset of a uniformly convex Banach space, then every asymptotically nonexpansive
self-mapping of C has a fixed point. Several authors have studied for the existence of fixed points of asymptotically
nonexpansive mappings in Banach spaces having rich geometric structure; see [1].
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As we know that every asymptotically nonexpansive mapping is uniformly L-Lipschitzian, the (ω)-fixed point property
of uniformly L-Lipschitzian mappings is closely related to the class of nonexpansive and asymptotically nonexpansive
mappings. In this connection, a deep result of Casini and Maluta [3] was generalized by Lim and Xu [4] as follows.
Theorem LX (Lim and Xu [4, Theorem 1]). Let X be a Banach space with uniform normal structure and let N(X) be the normal
structure coefficient of X. Let C be a nonempty bounded subset of X and T : C → C a uniformly L-Lipschitzian mapping with
L <
√
N(X). Then T satisfies the (ω)-fixed point property.
An iterative method for computing fixed points of asymptotically nonexpansive mappings was developed by Schu [5].
Iterative methods (for example, Modified Mann iteration process, Modified Ishikawa iteration process, S-iteration process)
for computing fixed points of asymptotically nonexpansive mappings have been further studied by authors (see e.g., [6–10]
and references therein).
The main tool for approximation of fixed points of nonexpansive mappings T in noncompact setting was studied first
time by Halpern [11] in a Hilbert space by defining an iterative sequence {xn} as follows:
xn+1 = αnu+ (1− αn)Txn for all n ∈ N,
where {αn} is a sequence in (0, 1) satisfying appropriate conditions. Using the idea of Halpern [11], the following more
general result for asymptotically nonexpansive mappings was proved by Chidume et al. [12].
Theorem CLU (Chidume et al. [12, Theorem 3.3]). Let X be a Banach space with a uniformly Gâteaux differentiable norm
possessing uniform normal structure, C a nonempty closed convex bounded subset of X and T : C → C an asymptotically
nonexpansive mapping. Let u ∈ C be fixed, and let {tn} ⊂ (0, 1) be such that tnσ(T n) ≤ 1 for all n ∈ N, limn→∞ tn = 1, and
limn→∞ σ(T
n)−1
σ(Tn)−tn = 0. Define the sequence {zn} iteratively by z1 ∈ C and zn+1 =

1− tn
σ(Tn)

u+ tn
σ(Tn)T
nzn for all n ∈ N. Then
(i) there exists a sequence {yn} in C defined by yn =

1− tn
σ(Tn)

u + tn
σ(Tn)T
nyn, n ∈ N; and, if in addition, {yn} and {zn} are
approximating fixed point sequences of T in C, then
(ii) {zn} converges strongly to a fixed point of T .
A class of nonlinear mappings generalizing the class of asymptotically nonexpansive mappings has been introduced and
studied. Let X be a real Banach space with dual X∗. We denote by J the normalized duality mapping from X into 2X∗ defined
by
J(x) := { f ∗ ∈ X∗ : ⟨x, f ∗⟩ = ∥x∥2 = ∥f ∗∥2} for all x ∈ X,
where ⟨·, ·⟩ denotes the generalized duality pairing. Let C be a nonempty subset of X and T : C → C a mapping. Then T is
said to be
(1) strongly pseudocontractive if for all x, y ∈ C , there exist a constant k ∈ (0, 1) and j(x − y) ∈ J(x − y) satisfying
⟨Tx− Ty, j(x− y)⟩ ≤ k∥x− y∥2,
(2) pseudocontractive if for all x, y ∈ C , there exists j(x− y) ∈ J(x− y) satisfying ⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2,
(3) asymptotically pseudocontractive if for all x, y ∈ C and n ∈ N, there exist a constant kn ∈ [1,∞) with kn → 1 and
j(x− y) ∈ J(x− y) satisfying ⟨T nx− T ny, j(x− y)⟩ ≤ kn∥x− y∥2.
In [5], Schu introduced the class of asymptotically pseudocontractive mappings and constructed an iterative method
which is called the modified Ishikawa iteration process for the approximation of fixed points of completely continuous
asymptotically pseudocontractive mappings in a Hilbert space as follows.
Theorem S (Schu [5]). Let C be a nonempty closed convex bounded subset of a real Hilbert space H. Let T : C → C be a uniformly
L-Lipschitzian and completely continuous asymptotically pseudocontractive mapping with {kn} ⊂ [1,∞);∞n=1(q2n − 1) <∞,
where qn = (2kn − 1) for all n ∈ N, αn, βn ∈ [0, 1], ε ≤ αn ≤ βn ≤ b for all n ∈ N and some ε > 0; and some
b ∈ (0, L−2[(1+ L2)1/2 − 1]); pick x1 ∈ C; and define sequence {xn} by
xn+1 := (1− αn)xn + αnT nzn; zn = (1− βn)xn + βnT n(xn) for all n ∈ N. (1.1)
Then {xn} converges strongly to a fixed point of T .
It is still an openproblemwhether or not the sequence defined by theModified Ishikawa iterationmethod (1.1) is strongly
convergent to fixed points of asymptotically pseudocontractivemappings in spacesmore general than Hilbert spaces. In this
connection, Chidume and Zegeye [13] proved the following theorem which is applicable in all Lp spaces, 1 < p <∞.
Theorem CZ (Chidume and Zegeye [13]). Suppose that X is a real Banach space with uniform normal structure possessing
uniformly Gâteaux differentiable norm. Let C be a nonempty closed convex bounded subset of X. Let T : C → C be uniformly
L-Lipschitzian with L <
√
N(X), uniformly asymptotically regular with sequence {εn} and asymptotically pseudocontractive with
sequence {kn}. Let λn, θn ∈ (0, 1), ∀n ∈ N satisfy the following conditions:
(i) λn(1+ θn) ≤ 1 for all n ∈ N and∞n=1 λnθn = ∞;
(ii) λn
θn
→ 0, θn → 0,

θn−1
θn
−1

λnθn
→ 0, εn−1
λnθ
2
n
→ 0;
674 D.R. Sahu et al. / Computers and Mathematics with Applications 64 (2012) 672–685
(iii) kn−1 − kn = o(λnθ2n );
(iv) kn − 1 = o(θn).
Suppose that
∥yn − Tmy∥2 ≤ ⟨yn − Tmy, j(yn − y)⟩ for all m, n ∈ N and y ∈ M, (C)
where M = {y ∈ C : f (y) = minz∈C f (z)} and f (z) = LIMn∥yn − z∥2 for all z ∈ C. Then the sequence {xn} generated from
x1 ∈ C by
xn+1 = (1− λn)xn + λnT nxn − λnθn(xn − x1) for all n ∈ N (1.2)
converges strongly to a fixed point of T .
Recently, Alber et al. [14] have studied the strong convergence of an iterative sequence {xn} defined by
xn+1 = αnu+ (1− αn)T nxn for all n ∈ N (1.3)
to fixed points of total asymptotically nonexpansive mappings T in a reflexive Banach space with a weakly continuous
duality mapping, where u is an element of domain of T and {αn} is a sequence in (0, 1) satisfying appropriate conditions.
We observe that
(O1) the proof of Theorem CZ depends on Theorem LX,
(O2) from a practical point of view the condition (C) is very restrictive,
(O3) there are Banach spaces for which N(X) = 1 whileWCS(X) > 1,
(O4) result of Alber et al. [14] does not apply to the Lp spaces if p ≠ 2.
These observations lead naturally to the following problem:
Problem 1.1. Let X be a Banach space with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm, T a (not necessarily Lipschitzian) asymptotically pseudocontractive mapping from a nonempty closed convex subset
C of X into itself and u ∈ C . Does the sequence {xn} defined by (1.3) converge strongly to a fixed point of T?
An existence theorem in lieu of Theorem LX for non-Lipschitzian nonlinear mappings would enable one to solve
Problem 1.1 and extend a number of results to a wider class of nonlinear operators. The purpose of this paper is to
first establish an existence theorem for nonlinear mappings which are not necessarily Lipschitzian in the generality of
Banach spaces and then apply this existence theorem for strong convergence of the sequence {xn} defined by (1.3). Several
interesting asymptotic fixed point theorems are given in Section 3. The general convergence theorems for asymptotically
pseudocontractive mappings are established in Section 4. Finally, in Section 5, we discuss some computational results
for Halpern type algorithm (1.3) when T is uniformly continuous asymptotically pseudocontractive mapping without the
assumption (C). It should be noted that, in this generality, Theorem CZ does not apply. Our results are definitive and settle
Problem 1.1 in the mathematical theory of nearly Lipschitzian mappings and also improved upon several known fixed
point theorems for the class of Lipschitzian type mappings that have appeared in Banach spaces possessing uniform normal
structure or weakly continuous duality mappings.
2. Preliminaries
Recall that a Banach space (X, ∥ · ∥) is said to be smooth provided the limit limt→0+ ∥x+ty∥−∥x∥t exists for each x and y in
S = {z ∈ X : ∥z∥ = 1}. In this case, the norm of X is said to be Gâteaux differentiable. It is said to be uniformly Gâteaux
differentiable if for each y in S, the above limit is attained uniformly for x in S. It is well known that every uniformly smooth
space (e.g., Lp space, 1 < p <∞) has uniformly Gâteaux differentiable norm.
Let R+ denote the set of nonnegative real numbers. Throughout the paper, (X, ∥ · ∥) is a Banach space which is assumed
not to be Schur. That is, X has weakly convergent sequences that are not norm convergent. Let C be a nonempty subset of a
Banach space X and {xn} a bounded sequence in X . Consider the functional ra(·, {xn}) : X → R+ defined by
ra(x, {xn}) = lim sup
n→∞
∥xn − x∥ for all x ∈ X .
The infimum of ra(·, {xn}) over C is said to be the asymptotic radius of {xn}with respect to C and is denoted by ra(C, {xn}). A
point z ∈ C is said to be an asymptotic center of the sequence {xn}with respect to C if
ra(z, {xn}) = inf{ra(x, {xn}) : x ∈ C}.
The set of all asymptotic centers of {xn} with respect to C is denoted by Za(C, {xn}). A number diama({xn}) =
lim supk→∞(sup{∥xn − xm∥ : n,m ≥ k}) is called an asymptotic diameter of {xn}. The normal structure coefficient N(X) of
a Banach space X is defined [15] by
N(X) = inf

diam (C)
rC (C)
: C is nonempty bounded convex subset of X with diam C > 0

,
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where rC (C) = infx∈C {supy∈C ∥x − y∥} is the Chebyshev radius of C relative to itself and diam (C) = supx,y∈C ∥x − y∥
is diameter of C . The space X is said to have the uniform normal structure if N(X) > 1. A weakly convergent sequence
coefficient of X is defined (see [15]) by
WCS(X) = sup

k : k lim sup
n→∞
∥xn∥ < diama({xn}) for all {xn} in X with xn ⇀ 0

.
It is proved in [16, Theorem 1] that
WCS(X) = β(X) := inf{D[{xn}] : xn ⇀ 0, ∥xn∥ → 1},
where D[{xn}] := lim supm→∞(lim supn→∞ ∥xm − xn∥). It is readily seen that
1 ≤ N(X) ≤ WCS(X) ≤ 2.
The space X is said to have the weak uniform normal structure ifWCS(X) > 1.
A Banach space X is said to satisfy the uniform Opial condition [17] if for each t > 0, there exists an r > 0 such that
1+ r ≤ lim inf
n→∞ ∥xn + x∥
for each x ∈ X with ∥x∥ ≥ t and each sequence {xn} in X such that xn ⇀ 0 and lim infn→∞ ∥xn∥ ≥ 1. The Opial modulus of
X , denoted by rX , is defined by
rX (t) = inf

lim inf
n→∞ ∥xn + x∥ − 1

,
where t ≥ 0 and the infimum is taken over all x ∈ X with ∥x∥ ≥ t and sequences {xn} in X such that xn ⇀ 0 and
lim infn→∞ ∥xn∥ ≥ 1. The function rX is continuous and nondecreasing. Next, we have the following inequality (see [6,18]):
WCS(X) ≥ 1+ rX (1).
If X is a Banach space with a weakly sequentially continuous duality map Jµ associated with a gauge function µ which is
continuous, strictly increasing, with µ(0) = 0 and limt→∞ µ(t) = ∞, then X has the uniform Opial property.
Let C be a nonempty subset of Banach space X and T : C → C a mapping. The fixed point set of T is defined by
F(T ) = {x ∈ C : Tx = x}.A sequence {xn} in C is said to be an approximating fixed point sequence of T if limn→∞(xn−Txn) = 0.
The mapping T is said to be demicontinuous if, whenever a sequence {xn} in C converges strongly to x ∈ C , then {Txn}
converges weakly to Tx. The mapping T is said to be weakly contractive if
∥Tx− Ty∥ ≤ ∥x− y∥ − ψ(∥x− y∥) for all x, y ∈ C,
where ψ : [0,∞) → [0,∞) is a continuous and nondecreasing function such that ψ(0) = 0, ψ(t) > 0 for t > 0 and
limt→∞ ψ(t) = ∞.
Let C be a convex subset of a Banach space X and D a nonempty subset of C . Then a continuous mapping P from C onto
D is called a retraction if Px = x for all x ∈ D, i.e., P2 = P . A retraction P is said to be sunny if P(Px + t(x − Px)) = Px for
each x ∈ C and t ≥ 0 with Px + t(x − Px) ∈ C . If the sunny retraction P is also nonexpansive, then D is said to be a sunny
nonexpansive retract of C . The sunny nonexpansive retraction Q from C onto D is unique if X is smooth.
In what follows, we shall make use of the following lemmas:
Lemma 2.1. Let X be a Banach space. Then for each x, y ∈ X, there exists j(x + y) ∈ J(x + y) such that ∥x + y∥2 ≤
∥x∥2 + 2⟨y, j(x+ y)⟩.
Lemma 2.2 ([6,19,20]). Let C be a nonempty closed convex subset of a Banach space X and T : C → C a continuous strongly
pseudocontractive mapping. Then T has a unique fixed point in C.
Lemma 2.3 (Goebel and Reich [21, Lemma 13.1]). Let C be a convex subset of a smooth Banach space X, D a nonempty subset of
C and P a retraction from C onto D. Then the following are equivalent:
(a) P is sunny and nonexpansive.
(b) ⟨x− Px, J(z − Px)⟩ ≤ 0 for all x ∈ C, z ∈ D.
(c) ⟨x− y, J(Px− Py)⟩ ≥ ∥Px− Py∥2 for all x, y ∈ C.
Lemma 2.4 (Sahu et al. [22, Proposition 3.2]). Let X be a Banach space with a uniformly Gâteaux differentiable norm and C a
weakly compact convex subset of X. Suppose that {xn} is a sequence in C and v ∈ Za(C, {xn}). Then
lim inf
n→∞ ⟨u− v, J(xn − v)⟩ ≤ 0 for all u ∈ C .
Lemma 2.5. Let C be a nonempty closed convex subset of a Banach space and T : C → C a mapping such that T nu → v as
n →∞ for some u, v ∈ C. Suppose that T is demicontinuous at v. Then v is a fixed point of T in C.
Proof. By the demicontinuity of T at v, we havew− limn→∞ T n+1u = Tv ∈ C . Note limn→∞ T nu = limn→∞ T n+1u = v. By
the uniqueness of weak limits of {T n+1u}, we have Tv = v. 
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Lemma 2.6 ([23]). Let {αn} and {γn} be two real sequences satisfying the following:
(i) {αn} ⊂ [0, 1] and∞n=1 αn = ∞;
(ii) lim supn→∞ γn ≤ 0.
Let {λn} be a sequence of nonnegative numbers which satisfies the following:
λn+1 ≤ (1− αn)λn + αnγn for all n ∈ N.
Then limn→∞ λn = 0.
3. Existence of fixed points
Let C be a nonempty subset of a Banach space X . The modulus of continuity of a continuous mapping T : C → C is a
functionΩT : R+ → R+ defined by
ΩT (t) := sup{∥Tx− Ty∥ : x, y ∈ C; ∥x− y∥ ≤ t} for all t ∈ R+.
Clearly
∥Tx− Ty∥ ≤ ΩT (∥x− y∥) for all x, y ∈ C .
If T is uniformly continuous, then ΩT is nonnegative, nondecreasing, continuous on (0,∞), and ΩT (0) = 0. A mapping
T : C → C is called asymptotically nonexpansive in the intermediate sense [24] provided T is uniformly continuous and
lim sup
n→∞
sup
x,y∈C
(∥T nx− T ny∥ − ∥x− y∥) ≤ 0. (3.1)
If cn := max{supx,y∈C (∥T nx− T ny∥ − ∥x− y∥), 0}, then
∥T nx− T ny∥ ≤ ∥x− y∥ + cn (3.2)
for all x, y ∈ C and n ∈ N.
The class of mappings of asymptotically nonexpansive in the intermediate sense is essentially wider than that of
asymptotically nonexpansive mappings. The class of mappings of asymptotically nonexpansive in the intermediate sense
was introduced by Bruck et al. [24]. It is known [25] that if C is a nonempty closed convex bounded subset of a uniformly
convex Banach space X and T is a self-mapping of C which is asymptotically nonexpansive in the intermediate sense, then T
has a fixed point. Recently, the class of asymptotically κ-strict pseudocontractivemappings in the intermediate sense which
are not necessarily Lipschitzian has been introduced and studied in [26].
Alber et al. [27] introduced a more general class of asymptotically nonexpansive mappings called total asymptotically
nonexpansive mappings and studied methods of approximation of fixed points of mappings belonging to this class.
Let C be a nonempty subset of a Banach space X . A mapping T : C → C is said to be total asymptotically nonexpansive if
there exist nonnegative real sequences {µn} and {cn}with limn→∞ µn = limn→∞ cn = 0 and strictly increasing continuous
function φ : R+ → R+ with φ(0) = 0 such that
∥T nx− T ny∥ ≤ ∥x− y∥ + µnφ(∥x− y∥)+ cn (3.3)
for all x, y ∈ C and n ∈ N.
If µn = 0, then (3.3) reduces to (3.2).
Remark 3.1. The corresponding Lipschitzian type mappings (for instance, contraction type mappings) concerning
asymptotically nonexpansive mappings in the intermediate sense and total asymptotically nonexpansive mappings are not
defined in [24,27].
On the other hand, a new class of nonlinear mappings generalizing the class of Lipschitzian mappings was introduced by
Sahu [28].
Let C be a nonempty subset of a Banach space X and fix a sequence {an} in [0,∞)with an → 0. A mapping T : C → C is
said to be nearly Lipschitzianwith respect to {an} if for each n ∈ N, there exists a constant kn > 0 such that
∥T nx− T ny∥ ≤ kn(∥x− y∥ + an) (3.4)
for all x, y ∈ C . The infimum of constants kn in (3.4) is called nearly Lipschitz constant and is denoted by η(T n). A nearly
Lipschitzian mapping T with sequence {(an, η(T n))} is said to be
(1) nearly contraction if η(T n) < 1 for all n ∈ N,
(2) nearly uniformly L-Lipschitzian if η(T n) ≤ L for all n ∈ N,
(3) nearly uniformly k-contraction if η(T n) ≤ k < 1 for all n ∈ N,
(4) nearly nonexpansive if η(T n) = 1 for all n ∈ N,
(5) nearly asymptotically nonexpansive if η(T n) ≥ 1 for all n ∈ Nwith limn→∞ η(T n) = 1.
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Remark 3.2. (1) Every asymptotically nonexpansive mapping is uniformly continuous, asymptotically pseudocontractive
and nearly asymptotically nonexpansive mapping.
(2) If S is asymptotically nonexpansive self-mapping and T is total asymptotically nonexpansive self-mapping defined a
bounded set C , then both S and T are nearly nonexpansivemappings. To see this, let T be an asymptotically nonexpansive
self-mapping defined on a bounded set C with diameter diam(C). Fix an := (σ (T n)− 1)diam(C). Then,
∥T nx− T ny∥ ≤ ∥x− y∥ + (σ (T n)− 1)∥x− y∥ ≤ ∥x− y∥ + an
for all x, y ∈ C and n ∈ N.
Wenowpresent an example of an asymptotically pseudocontractivemappingwhich is not asymptotically nonexpansive.
Example 3.3. Let X = R and C = [0, 1]. For each x ∈ C , we define
Tx =

kx, if x ∈ [0, 1/2],
0, if x ∈ (1/2, 1],
where 0 < k < 1. Set C1 := [0, 1/2] and C2 := (1/2, 1]. For each n ∈ N, one can easily see that
T nx =

knx, if x ∈ C1,
0, if x ∈ C2.
Observe that
⟨T nx− T ny, x− y⟩ = kn|x− y|2 ≤ |x− y|2 for all x, y ∈ C1 and n ∈ N
and
⟨T nx− T ny, x− y⟩ = 0 ≤ |x− y|2 for all x, y ∈ C2 and n ∈ N.
For x ∈ C1 and y ∈ C2, we have x− y ≤ 0 and hence
⟨T nx− T ny, x− y⟩ = (knx− 0)(x− y) ≤ 0 ≤ |x− y|2 for all n ∈ N.
Therefore,
⟨T nx− T ny, x− y⟩ ≤ |x− y|2 for all x, y ∈ C and n ∈ N,
i.e., T is an asymptotically pseudocontractive mapping with sequence {1}.
Noticing that T : C → C is discontinuous at x = 1/2. Hence T is not Lipschitzian and hence it is not asymptotically
nonexpansive. Following [26], we have
|T nx− T ny| ≤ |x− y| + kn for all x, y ∈ C and n ∈ N.
It means that T is nearly nonexpansive with sequence {kn}.
We now give an example of a continuous asymptotically pseudocontractive mapping which is not asymptotically
nonexpansive.
Example 3.4. Let X = R and C = [0, 1]. Define T : C → C by
Tx = (1− x2/3)3/2, x ∈ C .
Note that T is a pseudocontractive mapping which is not Lipschitzian (see [29]). Since T is not Lipschitzian, it is not
asymptotically nonexpansive. It is shown in [5] that T is an asymptotically pseudocontractive mapping with sequence {1}.
The notion of nearly Lipschitzian mappings allows to define different classes of Lipschitzian type mappings, for
example, nearly contraction, nearly nonexpansive, nearly asymptotically nonexpansive, nearly uniformly L-Lipschitzian,
etc. Therefore, in view of Remark 3.1, the fixed point theory of nearly Lipschitzian mappings is of fundamental importance.
In this direction, the first asymptotic existence theorem for fixed points of demicontinuous nearly contraction mappings
was established in [28]. It is also shown in [28] that the continuity of nonexpansive mappings from well known results of
Browder [30], Göhde [31] and Kirk [32] can be weakened to demicontinuity for nearly nonexpansive mappings in uniformly
convex Banach spaces.
Motivated and inspired by Benavides and Ramirez [1, Theorem 1], we characterize the existence of fixed points of
asymptotically regular nearly Lipschitzian mappings in a general Banach space with weak uniform normal structure.
Theorem 3.5. Let X be a Banach space with weak uniform normal structure, C a nonempty weakly compact convex subset of
X and T : C → C a nearly Lipschitzian mapping with sequence {(an, η(T n))} such that lim supn→∞ η(T n) <
√
WCS(X). Also
suppose that there exists a nonempty closed convex subset M of C which satisfies property (ω) with respect to T . Then
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(a) for an arbitrary x0 ∈ M, there exists an iterative sequence {xm} in M defined by
xm = w − lim
n→∞ T
nxm−1 for all m ∈ N, (3.5)
(b) if T is asymptotically regular on C, then there exists an element v ∈ M such that {xm} converges strongly to v ∈ M. Further,
if T is demicontinuous at v, then v ∈ F(T ).
Proof. (a) Since one can easily construct a nonempty closed convex separable subset C0 of C which is invariant under each
T n (i.e., T n(C0) ⊂ C0 for n = 1, 2, . . .), we may assume that C itself is separable.
The separability of C0 makes it possible to select a subsequence {T nx} such that {T nx} is weakly convergent for every
x ∈ C . For any x0 ∈ M ⊂ C , consider a sequence {T nx0} in C . Suppose that w − limn→∞ T nx0 = x1 ∈ C . Using property
(ω)we obtain that x1 ∈ M . Inductively, we can construct a sequence {xm} inM defined by (3.5).
(b) Assume that T is asymptotically regular on C . The weak asymptotic regularity of T ensures that xm = w − limn→∞
T n+rxm−1 for all r ∈ N.We now show that {xm} converges strongly to a fixed point of T . Set L := lim supn→∞ η(T n),
Dm := lim supn→∞ ∥xm − T nxm∥ and Rm := lim supn→∞ ∥xm+1 − T nxm∥ for all m = 0, 1, 2, . . .. By the property of
WCS(X), we have
Rm = lim sup
n→∞
∥xm+1 − T nxm∥ ≤ 1WCS(X)D[{T
nxm}]. (3.6)
By the asymptotic regularity of T and thew-l.s.c. of the norm ∥ · ∥, we have
D[{T nxm}] = lim sup
n→∞

lim sup
r→∞
∥T nxm − T rxm∥

≤ lim sup
n→∞

lim sup
r→∞
(∥T nxm − T n+rxm∥ + ∥T n+rxm − T rxm∥)

≤ lim sup
n→∞

lim sup
r→∞
(η(T n)(∥xm − T rxm∥ + an))

= L lim sup
r→∞
∥xm − T rxm∥
≤ L lim sup
r→∞

lim sup
s→∞
∥T sxm−1 − T rxm∥

≤ L lim sup
r→∞

lim sup
s→∞
(∥T sxm−1 − T r+sxm−1∥ + ∥T r+sxm−1 − T rxm∥)

≤ L lim sup
r→∞

lim sup
s→∞
(∥T sxm−1 − T r+sxm−1∥ + η(T r)(∥T sxm−1 − xm∥ + ar))

≤ L2 lim sup
s→∞
∥T sxm−1 − xm∥ = L2Rm−1.
Set λ := L2WCS(X) < 1. From (3.6), we obtain
Rm ≤ λRm−1 ≤ λ2Rm−2 ≤ · · · ≤ λmR0 → 0 asm →∞.
For anym ∈ N, we have
∥xm+1 − xm∥ ≤ lim sup
n→∞
(∥xm+1 − T nxm∥ + ∥T nxm − xm∥)
≤ Rm + lim sup
n→∞

lim sup
r→∞
∥T nxm − T rxm−1∥

≤ Rm + lim sup
n→∞

lim sup
r→∞
(∥T nxm − T n+rxm−1∥ + ∥T n+rxm−1 − T rxm−1∥)

≤ Rm + lim sup
n→∞

lim sup
r→∞
(η(T n)(∥xm − T rxm−1∥ + an))

≤ (λ+ L)Rm−1
· · ·
≤ (λ+ L)λm−1R0.
One can easily see that {xm} is a Cauchy sequence inM and hence there exists an element v ∈ M such that limm→∞ xm =
v. Observe that
∥v − T nv∥ ≤ ∥v − xm+1∥ + ∥xm+1 − T nxm∥ + ∥T nxm − T nv∥
≤ ∥v − xm+1∥ + ∥xm+1 − T nxm∥ + η(T n)(∥xm − v∥ + an).
D.R. Sahu et al. / Computers and Mathematics with Applications 64 (2012) 672–685 679
Taking the limit superior as n →∞ on both sides we get
lim sup
n→∞
∥v − T nv∥ ≤ ∥v − xm+1∥ + Rm + L∥xm − v∥ → 0 asm →∞.
Thus, T nv → v as n → ∞. Further, we assume that T is demicontinuous at v. Therefore, from Lemma 2.5, we get
v ∈ F(T ). 
As N(X) ≤ WCS(X) and there are Banach spaces for which N(X) = 1 while WCS(X) > 1, the following result is an
improvement on Casini and Maluta [3] and Lim and Xu [4, Theorem 1] in the context of demicontinuity of T .
Corollary 3.6. Let X be a Banach space with weak uniform normal structure, C a nonempty weakly compact convex subset of X
and T : C → C a demicontinuous asymptotically regular nearly uniformly L-Lipschitzian mapping such that L < √WCS(X).
Then
(a) T has a fixed point in C,
(b) T satisfies the (ω)-fixed point property.
It can be easily seen, by Sahu [28, Remark 3.1], that the conclusion of [28, Theorem 3.1] is not valid for nearly uniformly
k-contraction mappings. Interestingly, from Corollary 3.6, we are able to establish the following existence and uniqueness
theorem for nearly uniformly k-contraction mappings.
Theorem 3.7. Let X be a Banach space with weak uniform normal structure, C a nonempty weakly compact convex subset of X
and T : C → C a demicontinuous asymptotically regular nearly uniformly k-contraction mapping such that k < √WCS(X).
Then T has a unique fixed point in C.
In the following result, we improve the fixed point results due to Benavides et al. [16, Theorem 3], Kim and Xu
[33, Theorem 1], Lim and Xu [4, Corollary 1], and Sahu et al. [22, Corollary 3.4] (see also [1, Theorem 1]) for a wider class of
demicontinuous nonlinear mappings.
Corollary 3.8. Let X be a Banach space with weak uniform normal structure, C a nonempty weakly compact convex subset of X
and T : C → C a demicontinuous asymptotically regular nearly nonexpansive mapping. Then
(a) T has a fixed point in C,
(b) T satisfies the (ω)-fixed point property.
In the sequel, we need the following interesting result:
Proposition 3.9. Let X be a Banach space with uniform weak normal structure possessing a uniformly Gâteaux differentiable
norm, C a nonempty weakly compact convex subset of X and T : C → C a uniformly continuous asymptotically regular nearly
nonexpansive mapping. Suppose that {yn} is an approximating fixed point sequence of T in C. Then Za(C, {yn}) ∩ F(T ) ≠ ∅.
Proof. Note {yn} is a sequence in C such that limn→∞( yn − Tyn) = 0. By the uniform continuity of T , we have limn→∞
∥Tmyn − Tm+1yn∥ = 0 for allm ∈ N. SetM{yn} := Za(C, {yn}) and ϕ(·) = ra(·, {yn}). We see thatM{yn} is a nonempty closed
convex bounded set, butM{ yn} is not invariant under T . We now show thatM{yn} satisfies property (ω)with respect to T . For
x ∈ M{ yn}, let y = w − limi→∞ Tmix ∈ ωw({T nx : n ∈ N}). Observe that
∥yn − Tmx∥ ≤ ∥yn − Tyn∥ + ∥Tyn − T 2yn∥ + · · · + ∥Tm−1yn − Tmyn∥ + ∥Tmyn − Tmx∥
for allm, n ∈ N. It follows from thew-lsc of ϕ that
ϕ(y) ≤ lim inf
i→∞ ϕ(T
mix)
≤ lim sup
m→∞
ϕ(Tmx) = lim sup
m→∞

lim sup
n→∞
∥yn − Tmx∥

≤ lim sup
m→∞

lim sup
n→∞
(∥yn − x∥ + am)

= ϕ(x).
Thus, y ∈ M{yn} and henceM{yn} satisfies property (ω)with respect to T . It follows from Corollary 3.8 that T has a fixed point
inM{yn}. 
4. Structure of set of fixed points
Let C be a nonempty closed convex subset of a real Banach space X and T : C → C a continuous asymptotically
pseudocontractive mapping with sequence {kn}. Suppose that u ∈ C and {bn} ⊂ (0, 1) with kn − 1 < bn for all n ∈ N
satisfying the condition:
lim
n→∞ bn = limn→∞
kn − 1
bn
= 0. (4.1)
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Set ϱn := kn−1bn . Note kn − 1 < bn for all n ∈ N, it follows that ϱn < 1 ≤ kn and hence (1− bn)kn < 1 for all n ∈ N. For each
n ∈ N, the mapping Tn : C → C defined by
Tny := bnu+ (1− bn)T ny for all y ∈ C
is a continuous strongly pseudocontractive mapping with constant (1− bn)kn. Then, by Lemma 2.2, there exists a sequence
{yn} in C defined by
yn = bnu+ (1− bn)T nyn for all n ∈ N. (4.2)
We now prove a strong convergence theorem for asymptotically pseudocontractive mappings in a Banach space.
Theorem 4.1. Let X be a real Banach space with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm. Let C be a nonempty weakly compact convex subset of X and T : C → C a uniformly continuous asymptotically pseudo-
contractive mapping with sequence {kn}. Suppose that T is asymptotically regular nearly nonexpansive mapping, u ∈ C,
{bn} ⊂ (0, 1) with kn − 1 < bn for all n ∈ N satisfying the condition (4.1) and {yn} is a sequence in C defined by (4.2) which is
an approximating fixed point sequence of T . Then {yn} converges strongly to an element y∗ ∈ Za(C, {yn}) ∩ F(T ) for which the
inequality holds:
⟨y∗ − u, J(y∗ − v)⟩ ≤ 0 for all v ∈ F(T ). (4.3)
Proof. By Corollary 3.8(a), F(T ) is a nonempty set. Suppose that v is a fixed point of T . Then, we have
⟨yn − T nyn, J(yn − v)⟩ = ⟨yn − v + T nv − T nyn, J(yn − v)⟩
= ∥yn − v∥2 − ⟨T nyn − T nv, J(yn − v)⟩
≥ −(kn − 1)∥yn − v∥2 for all n ∈ N.
From (4.2), we have
⟨ yn − u, J( yn − v)⟩ = (1− bn)⟨T nyn − u, J( yn − v)⟩
= (1− bn)⟨T nyn − yn + yn − u, J( yn − v)⟩.
It follows that
⟨yn − u, J(yn − v)⟩ ≤ 1− bnbn ⟨T
nyn − yn, J(yn − v)⟩
≤ (1− bn)ϱn∥yn − v∥2. (4.4)
Since limn→∞ ϱn = 0 and {yn} is bounded, it follows from (4.4) that
lim sup
n→∞
⟨yn − u, J( yn − v)⟩ ≤ 0 for all v ∈ F(T ).
Since T is asymptotically regular and {yn} is an approximating fixed point sequence of T , it follows from Proposition 3.9 that
there exists an element y∗ ∈ Za(C, {yn}) ∩ F(T ). By Lemma 2.4, we have
lim inf
n→∞ ⟨z − y
∗, J(yn − y∗)⟩ ≤ 0 for all z ∈ C .
In particular,
lim inf
n→∞ ⟨u− y
∗, J( yn − y∗)⟩ ≤ 0.
Hence, there exists a subsequence {yni} of {yn} such that
lim
i→∞⟨u− y
∗, J(yni − y∗)⟩ ≤ 0. (4.5)
Using (4.4), we have
∥yn − y∗∥2 = ⟨yn − u, J(yn − y∗)⟩ + ⟨u− y∗, J(yn − y∗)⟩
≤ (1− bn)ϱn∥yn − y∗∥2 + ⟨u− y∗, J(yn − y∗)⟩,
which yields
(1− (1− bn)ϱn)∥yn − y∗∥2 ≤ ⟨u− y∗, J(yn − y∗)⟩.
It follows from (4.5) that yni → y∗.
Next, we show that yn → y∗. Suppose, for contradiction, that {ynj} is another subsequence of {yn} such that ynj → z∗ ≠
y∗. Since limn→∞(yn − Tyn) = 0, we have z∗ ∈ F(T ). Observe that
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|⟨yn − u, J(yn − z∗)⟩ − ⟨y∗ − u, J(y∗ − z∗)⟩|
≤ |⟨yn − u, J(yn − z∗)⟩ − ⟨y∗ − u, J(yn − z∗)⟩| + |⟨y∗ − u, J(yn − z∗)⟩ − ⟨y∗ − u, J(y∗ − z∗)⟩|
≤ ∥yn − u− (y∗ − u)∥ ∥yn − z∗∥ + |⟨y∗ − u, J(yn − z∗)− J(y∗ − z∗)⟩| for all n ∈ N.
Since yni → y∗ and J is norm to weak* uniformly continuous, we obtain
⟨y∗ − u, J(y∗ − z∗)⟩ ≤ 0. (4.6)
Similarly, we have
⟨z∗ − u, J(z∗ − y∗)⟩ ≤ 0. (4.7)
Adding inequalities (4.6) and (4.7) yield
⟨y∗ − z∗, J(y∗ − z∗)⟩ ≤ 0,
a contradiction. Thus, {yn} converges strongly to y∗. 
The following result is an improvement on Sahu et al. [34, Theorem 3.1] and Shioji and Takahashi [35, Theorem 1]:
Theorem 4.2. Let X be a Banach space with weak uniform normal structure possessing a uniformly Gâteaux differentiable norm.
Let C be a nonempty weakly compact convex subset of X and T : C → C a uniformly asymptotically regular, uniformly contin-
uous, asymptotically pseudocontractive and nearly nonexpansive mapping. Then F(T ) is nonempty and is a sunny nonexpansive
retract of C .
Proof. Let T be an asymptotically pseudocontractive mapping with sequence {kn}. Assume that u ∈ C and {bn} ⊂ (0, 1)
with kn − 1 < bn for all n ∈ N satisfying the condition (4.1). Then, there exists a sequence {yn} in C defined by (4.2). First,
we show that limn→∞ ∥yn − Tyn∥ = 0. From (4.2), we have
∥yn − T nyn∥ = bn∥u− T nyn∥ → 0 as n →∞.
Observe that
∥yn − Tyn∥ ≤ ∥yn − T nyn∥ + ∥T nyn − T n+1yn∥ + ∥T n+1yn − Tyn∥
≤ ∥yn − T nyn∥ + ∥T nyn − T n+1yn∥ +ΩT (∥yn − T nyn∥) for all n ∈ N.
Since T is uniformly asymptotically regular on C , it follows that limn→∞ ∥yn − Tyn∥ = 0. Then, Theorem 4.1 assures that
{yn} converges strongly to an element y∗ ∈ Za(C, {yn}) ∩ F(T ) for which inequality (4.3) holds. Let Qu = limn→∞ yn. Then
Q is a mapping from C onto F(T ). It follows from (4.3) that Qu is the unique solution of the following variational inequality:
⟨Qu− u, J(Qu− v)⟩ ≤ 0 for all v ∈ F(T ).
Therefore, by Lemma 2.3, Q is a sunny nonexpansive retraction from C onto F(T ). 
As we know, every asymptotically nonexpansive mapping is uniformly continuous asymptotically pseudocontractive
nearly asymptotically nonexpansive mapping (see Remark 3.2). Therefore, as consequence of Theorem 4.2, we obtain the
following result.
Corollary 4.3. Let X be a Banach space with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm, C a nonempty weakly compact convex subset of X and T : C → C a uniformly asymptotically regular asymptotically
nonexpansive mapping. Then F(T ) is nonempty and is a sunny nonexpansive retract of C .
Combining Theorems 4.1 and 4.2, we obtain
Theorem 4.4. Let X be a Banach space with weak uniform normal structure possessing a uniformly Gâteaux differentiable norm.
Let C be a nonemptyweakly compact convex subset of X and T : C → C a uniformly continuous uniformly asymptotically regular
asymptotically pseudocontractive mapping with sequence {kn}. Suppose that T is nearly nonexpansive, u ∈ C, {bn} ⊂ (0, 1)with
kn − 1 < bn for all n ∈ N such that limn→∞ bn = limn→∞ kn−1bn = 0. Then there exist a sunny nonexpansive retraction Q from
C onto F(T ) and sequence {yn} in C defined by (4.2) converges strongly to Qu, where Qu ∈ Za(C, {yn}) ∩ F(T ).
We remark that Theorem 4.4 generalizes several recent results of this nature. Particularly, it extends Chidume et al.
[12, Theorem 3.3], Lim and Xu [4, Theorem 2] and Sahu et al. [22, Theorem 4.8], where it is assumed that the operator T is
asymptotically nonexpansive.
5. Approximation of fixed points
Let C be a nonempty closed convex subset of a Banach space X , f : C → C a mapping and T : C → C a nearly
nonexpansive mapping with sequence {an} and F(T ) ≠ ∅. For an arbitrary initial value x1 ∈ C , define iteratively a sequence
{xn} in C as follows:
xn+1 = αnfxn + (1− αn)T nxn for all n ∈ N, (5.1)
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where {αn} is a sequence in (0, 1) satisfying the following conditions:
(C1) limn→∞ αn = 0 and∞n=1 αn = ∞,
(C2) limn→∞ anαn = 0.
For fixed anchor u ∈ C with fx = u, (5.1) reduces to (1.3). We now study strong convergence of the sequence {xn} in C
generated by (1.3) when T is a uniformly continuous nearly nonexpansive mapping.
Theorem 5.1. Let X be a Banach space whose norm is uniformly Gâteaux differentiable. Let C be a nonempty closed convex
subset of X, and T : C → C a uniformly continuous nearly nonexpansive mapping with sequence {an} and F(T ) ≠ ∅. For given
u, x1 ∈ C, let {xn} be a sequence in C generated by (1.3), where {αn} is a sequence in (0, 1) satisfying (C1)–(C2). Let {bn} be a
sequence in (0, 1) such that limn→∞ anbn = 0, and {yn} a sequence in C defined by (4.2) which converges strongly to y∗ ∈ F(T ).
Assume that {xn} and {yn} are approximating fixed point sequences of T . Then {xn} converges strongly to y∗.
Proof. From (1.3), we have
∥xn+1 − y∗∥ = ∥αn(u− y∗)+ (1− αn)(T nxn − y∗)∥
≤ αn∥u− y∗∥ + (1− αn)(∥xn − y∗∥ + an)
≤ (1− αn)∥xn − y∗∥ + µn for all n ∈ N,
whereµn = an+αn∥u−y∗∥. Note limn→∞ anαn = 0, so there exists a constant K1 > 0 such that µnαn ≤ K1 for all n ∈ N.Hence
∥xn+1 − y∗∥ ≤ (1− αn)∥xn − y∗∥ + αnK1
≤ max{∥x1 − y∗∥, K1} for all n ∈ N.
It follows that {xn} is bounded, so {T nxn} is bounded. Indeed,
∥T nxn∥ ≤ ∥T nxn − y∗∥ + ∥y∗∥ ≤ ∥xn − y∗∥ + an + ∥y∗∥.
By assumption, ym → y∗ and hence {ym} is bounded.We have already shown that {xn} is bounded. Thus, the set {ym− xn+1 :
m, n ∈ N} is bounded. From (4.2), we have
ym − xn+1 = bm(u− xn+1)+ (1− bm)(Tmym − xn+1).
Using Lemma 2.1, we get
∥ym − xn+1∥2 = ∥bm(u− xn+1)+ (1− bm)(Tmym − xn+1)∥2
≤ (1− bm)2∥Tmym − xn+1∥2 + 2bm⟨u− xn+1, J(ym − xn+1)⟩
≤ (1− bm)2[∥Tmym − Tmxn+1∥ + ∥Tmxn+1 − xn+1∥]2
+ 2bm[∥ym − xn+1∥2 + ⟨u− ym, J(ym − xn+1)⟩]
≤ (1− bm)2[∥ym − xn+1∥ + am + ∥Tmxn+1 − xn+1∥]2
+ 2bm[∥ym − xn+1∥2 + ⟨u− ym, J(ym − xn+1)⟩]
≤ (1− bm)2[∥ym − xn+1∥2 + amK2 + 2(∥ym − xn+1∥ + am)∥Tmxn+1 − xn+1∥
+∥Tmxn+1 − xn+1∥2] + 2bm[∥ym − xn+1∥2 + ⟨u− ym, J(ym − xn+1)⟩]
≤ (1− bm)2[∥ym − xn+1∥2 + amK2 + ∥Tmxn+1 − xn+1∥K3
+∥Tmxn+1 − xn+1∥2] + 2bm[∥ym − xn+1∥2 + ⟨u− ym, J(ym − xn+1)⟩]
for some constants K2 > 0 and K3 > 0. It follows that
⟨u− ym, J(xn+1 − ym)⟩ ≤ (1− bm)
2 + 2bm − 1
2bm
K4 + [(1− bm)2amK2
+∥Tmxn+1 − xn+1∥K3 + ∥Tmxn+1 − xn+1∥2]/(2bm)
for some constant K4 > 0. Since

am
αm

is bounded and ∥Tmxn+1 − xn+1∥ → 0 as n →∞ for allm ∈ N, we have
lim sup
n→∞
⟨u− ym, J(xn+1 − ym)⟩ ≤ bmK42 +
(1− bm)2amK2
2bm
. (5.2)
Since ym → y∗ asm →∞ and {xn+1 − ym} is bounded and in view of the fact that the duality mapping J is norm to weak∗
uniformly continuous on bounded sets of Banach space X , we have
|⟨ym − u, J(xn+1 − ym)⟩ − ⟨y∗ − u, J(xn+1 − y∗)⟩| ≤ |⟨ym − u, J(xn+1 − ym)⟩ − ⟨y∗ − u, J(xn+1 − ym)⟩|
+ |⟨y∗ − u, J(xn+1 − ym)⟩ − ⟨y∗ − u, J(xn+1 − y∗)⟩|
≤ ∥ym − u− (y∗ − u)∥ ∥xn+1 − ym∥
+ |⟨y∗ − u, J(xn+1 − ym)− J(xn+1 − y∗)⟩| → 0 asm →∞.
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Hence for each ε > 0, there existsm0 ∈ N such that
⟨y∗ − u, J(xn+1 − y∗)⟩ < ⟨ym − u, J(xn+1 − ym)⟩ + ε2 for allm ≥ m0.
Set νm := bmK42 + amK22bm . Since limn→∞ νm = 0, there existsm′0 ∈ N such that νm < ε2 for allm ≥ m′0. From (5.2), we have
lim sup
n→∞
⟨y∗ − u, J(xn+1 − y∗)⟩ ≤ lim sup
n→∞
⟨ym − u, J(xn+1 − ym)⟩ + ε2
≤ νm + ε2
≤ ε
2
+ ε
2
= ε for allm ≥ max{m0,m′0}.
Since ε is arbitrary, we get that
lim sup
n→∞
⟨u− y∗, J(xn+1 − y∗)⟩ ≤ 0.
Set λn = ∥xn − y∗∥ and γn := ⟨u− y∗, J(xn+1 − y∗)⟩. From (1.3), we obtain
λ2n+1 = ⟨αn(u− y∗)+ (1− αn)(T nxn − y∗), J(xn+1 − y∗)⟩
≤ (1− αn)∥T nxn − y∗∥λn+1 + αn⟨u− y∗, J(xn+1 − y∗)⟩
≤ (1− αn)
2
[∥T nxn − y∗∥2 + λ2n+1] + αnγn
≤ (1− αn)
2
[λn + an]2 + 12λ
2
n+1 + αnγn
≤ (1− αn)
2
[λ2n + anK5] +
1
2
λ2n+1 + αnγn
for some K5 > 0. Hence
λ2n+1 ≤ (1− αn)λ2n + αn

an
αn
K5 + 2γn

.
Using Lemma 2.6 we obtain that {xn} converges strongly to y∗. 
Now, we are in the position to describe that Halpern type algorithm (1.3) can be considered for approximating fixed
points of non-Lipschitz continuous asymptotically pseudocontractive mappings in real Banach spaces.
Theorem 5.2. Let X be a real Banach space X with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm. Let C be a nonempty closed convex subset of X and T : C → C a uniformly continuous asymptotically pseudocontractive
mapping with sequence {kn} such that T is asymptotically regular nearly nonexpansive mapping with sequence {an}. For given
u, x1 ∈ C, let {xn} be a sequence in C generated by (1.3), where {αn} is a sequence in (0, 1) satisfying (C1)–(C2). Let {bn} be a
sequence in (0, 1) with kn − 1 < bn for all n ∈ N satisfying the condition (4.1). Suppose that {yn} is a sequence in C defined
by (4.2) and also that {xn} and {yn} are approximating fixed point sequences of T . Then {xn} converges strongly to an element of
F(T ).
Proof. Using Theorem 4.1 we obtain that {yn} is a sequence in C defined by (4.2) converges strongly to a fixed point y∗ of T .
The rest of the proof follows from Theorem 5.1. 
Theorem 5.3. Let X be a real Banach space X with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm. Let C be a nonempty closed convex subset of X and T : C → C a uniformly continuous asymptotically pseudocontractive
mapping with sequence {kn} such that T is uniformly asymptotically regular nearly nonexpansive mapping with sequence {an}.
For given u, x1 ∈ C, let {xn} be a sequence in C generated by (1.3), where {αn} is a sequence in (0, 1) satisfying (C1)–(C2) . Then
there exists a sunny nonexpansive retraction Q from C onto F(T ) such that {xn} converges strongly to Qu.
Proof. Theorem 4.2 implies that F(T ) is nonempty and is a sunny nonexpansive retract of C . Suppose that Q is a sunny
nonexpansive retraction from C onto F(T ). Assume that {bn} ⊂ (0, 1) with kn − 1 < bn for all n ∈ N such that limn→∞ bn
= limn→∞ kn−1bn = 0. By Theorem 4.4, there exists a sequence {yn} in C defined by (4.2) which converges strongly to Qu. It
remains to show that {xn} is an approximating fixed point sequence of T . Since limn→∞ αn = 0, we get
lim
n→∞ ∥xn+1 − T
nxn∥ = 0. (5.3)
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Since T is a uniformly asymptotically regular, from (5.3), we get
∥xn+1 − Txn+1∥ ≤ ∥xn+1 − T nxn∥ + ∥T nxn − T n+1xn∥ + ∥T n+1xn − Txn+1∥
≤ ∥xn+1 − T nxn∥ + ∥T nxn − T n+1xn∥ +ΩT (∥xn+1 − T nxn∥)→ 0
as n →∞. 
Using Remark 3.2 and Theorem 5.2, we have
Corollary 5.4. Let X be a Banach space X with weak uniform normal structure possessing a uniformly Gâteaux differentiable
norm. Let C be a nonempty weakly compact convex subset of X and T : C → C an asymptotically regular asymptotically
nonexpansive mapping. For given u ∈ C and x1 ∈ C, let {xn} be a sequence in C generated by (1.3), where {αn} is a sequence
in (0, 1) such that limn→∞ αn = limn→∞ σ(Tn)−1αn = 0 and
∞
n=1 αn = ∞. Let {bn} be a sequence in (0, 1)with σ(T n)−1 < bn
for all n ∈ N such that limn→∞ bn = limn→∞ σ(Tn)−1bn = 0. Suppose that {yn} is a sequence in C defined by (4.2) and also that{xn} and {yn} are approximating fixed point sequences of T . Then {xn} converges strongly to an element of F(T ).
Remark 5.5. (1) Every total asymptotically nonexpansive mapping with bounded domain is nearly nonexpansive (see
Remark 3.2). The modified Ishikawa iteration process (1.1) in Theorem S is not known to converge strongly to a fixed
point of T outside the Hilbert space, even if T is a uniformly L-Lipschitz asymptotically pseudocontractive map defined
on a compact convex subset of the underlying space. It can be easily seen that the algorithm (1.3) is much simpler
than (1.1) and (1.2). Theorem 5.3 shows that the sequence {xn} generated by (1.3) converges strongly to a fixed point
of non-Lipschitz continuous asymptotically pseudocontractive mapping in a real Banach space without the assumption
(C). Therefore, Theorem 5.3 is a significant improvement on a number of known results (see e.g., Theorems S and CZ,
[14, Theorem 3.5] and [34, Theorem 4.7]) for a much larger class of asymptotically pseudocontractive mappings and
provides an affirmative answer of Problem 1.1.
(2) Corollary 5.4 is an improvement of Theorem CLU and [34, Theorem 4.7] to a class of Banach spaces with weak uniform
normal structure. Indeed, Theorem CLU and [34, Theorem 4.7] were established for Banach spaces that admit uniform
normal structure and weakly sequentially continuous duality mappings, respectively.
We observe that our results carry over to the so-called viscosity approximation technique (see [23]). We derive a more
general result in this direction which is an improvement upon several convergence results (see e.g., [36, Theorem 3.3]) in
the context of viscosity approximation technique.
Corollary 5.6. Let X be a real Banach space X with weak uniform normal structure whose norm is uniformly Gâteaux
differentiable. Let C be a nonempty closed convex subset of X, f : C → C a weakly contractive mapping with function ψ
and T : C → C a uniformly continuous asymptotically pseudocontractive mapping with sequence {kn} such that T is uniformly
asymptotically regular nearly nonexpansive mapping with sequence {an}. For given x1 ∈ C, let {xn} be a sequence in C generated
by (5.1), where {αn} is a sequence in (0, 1)with conditions (C1)–(C2) . Then there exists a sunny nonexpansive retraction Q from
C onto F(T ) such that {xn} converges strongly to x∗, where x∗ = Qfx∗.
Proof. By Theorem 4.2, there is a sunny nonexpansive retraction Q from C onto F(T ). Since Qf is a weakly contractive
mapping from C into itself, it follows from Rhoades [37, Theorem 1] that there exists a unique element x∗ ∈ C such that
x∗ = Qfx∗. Such x∗ ∈ C is an element of F(T ). Now, we may define a sequence {zn} in C by zn+1 = αnfx∗ + (1− αn)T nzn for
all n ∈ N. By Theorem 5.3, we have that zn → x∗ = Qfx∗. Observe that
∥xn+1 − zn+1∥ ≤ αn∥fxn − fx∗∥ + (1− αn)∥T nxn − T nzn∥
≤ αn(∥fxn − fzn∥ + ∥fzn − fx∗∥)+ (1− αn)∥T nxn − T nzn∥
≤ αn(∥xn − zn∥ − ψ(∥xn − zn∥)+ ∥zn − x∗∥ − ψ(∥zn − x∗∥))+ (1− αn)(∥xn − zn∥ + an)
≤ ∥xn − zn∥ − αnψ(∥xn − zn∥)+ αn∥zn − x∗∥ + an.
By [27, Lemma 3.2], we obtain ∥xn − zn∥ → 0. Therefore, xn → x∗ = Qfx∗. 
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